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We investigate non-degenerate bound state solitons systematically in multi-component Bose-
Einstein condensates, through developing Darboux transformation method to derive exact soliton
solutions analytically. In particular, we show that bright solitons with nodes correspond to the ex-
cited bound eigen-states in the self-induced effective quantum wells, in sharp contrast to the bright
soliton and dark soliton reported before (which usually correspond to ground state and free eigen-
state respectively). We further demonstrate that the bound state solitons with nodes are induced
by incoherent interactions between solitons in different components. Moreover, we reveal that the
interactions between these bound state solitons are usually inelastic, caused by the incoherent inter-
actions between solitons in different components and the coherent interactions between solitons in
same component. The bound state solitons can be used to discuss many different physical problems,
such as beating dynamics, spin-orbital coupling effects, quantum fluctuations, and even quantum
entanglement states.
PACS numbers: 05.45.Yv, 02.30.Ik, 42.65.Tg
I. INTRODUCTION
The multi-component coupled Bose-Einstein conden-
sates (BECs) provide a good platform to study the dy-
namics of vector solitons [1]. Many different vector soli-
tons have been obtained in the two-component coupled
BEC systems, such as the bright-bright soliton[2, 3],
the bright-dark soliton [4], the dark-antidark soliton [5],
the dark-dark soliton [6, 7], and the dark-bright soliton
[8, 9]. The soliton states can be related with eigen-states
in quantum well [10, 11]. From the general properties
of eigen-states in one-dimensional quantum wells, one
can know that fundamental bright soliton corresponds to
ground state and dark soliton is first-excited state in the
effective quantum wells. Therefore, bright-bright soliton
and dark-dark soliton are degenerate solitons (more than
one component admits the same spatial mode), bright-
dark soliton and dark-bright soliton are non-degenerate
soliton states. The dark soliton state is a free state,
and it admits a wide non-zero density background. This
character is admitted by most of previous vector solitons
in BECs systems[4–9]. We would like to look for non-
degenerate bound state solitons (NDBSSs), for which all
eigen-states are bound states. The bound state solitons
can be used to investigate much more abundant beating
or tunneling dynamics in multi-component BEC systems
[12], and discuss many other different physical problems,
such as spin-orbital coupling effects [13–15], quantum
fluctuations [16, 17], and even quantum entanglement
states [18].
In this paper, we obtain NDBSSs in BECs with attrac-
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tive interactions, by performing Darboux transformation.
Especially, we note that bright solitons with nodes corre-
spond to the excited eigen-states in the effective quantum
well. The incoherent interactions between solitons in dif-
ferent components can be seen as the mechanism of the
bound state solitons. Furthermore, we investigate the in-
terference properties of the NDBSSs. We show that the
interference between solitons with nodes exhibits multi-
periods, significantly differing with scalar solitons and
bright-dark solitons. Moreover, our analysis reveal that
the interactions between NDBSSs are inelastic in general,
induced by the incoherent interactions between solitons
in different components and the coherent interactions be-
tween solitons in same component. Double-hump and
triple-hump solitons are demonstrated in two-component
and three-component BECs respectively. These fascinat-
ing dynamics of non-degenerate solitons enrich the non-
linear dynamics in BECs system greatly, and the discus-
sions on the mechanism of NDBBSs and their collision
process further deepen our understanding on the vector
solitons in BECs. Similar studies can be extended to
more than three components cases, and more abundant
bound state solitons are expected.
Our presentation of the above features will be struc-
tured as follows. In Sec. II, we introduce the theoreti-
cal model and present the NDBSS solutions. We further
show that incoherent interactions between solitons in dif-
ferent components can be used to understand how come
these bound state solitons. In Sec. III, we reveal the
collisions of NDBSSs are usually inelastic, due to the in-
coherent interactions and coherent interactions between
these bound state solitons. In Sec. IV, we exhibit the
NDBSS in three-component BECs systems. Finally, we
summarize our results in Sec. V.
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2II. THEORETICAL MODEL AND
NON-DEGENERATE VECTOR SOLITON
SOLUTIONS
FIG. 1: Three different density profiles for double-hump soli-
ton in two-component coupled systems. (a1) for the asym-
metric double-hump solitons in both components, (a2) for the
symmetric single-hump-double-hump soliton, and (a3) for the
approximate symmetric double-hump solitons in both com-
ponents. Blue solid line and red dashed line correspond to
first component and second component respectively. It is seen
that solitons in q1 component and q2 component correspond
to the first-excited state and ground state respectively in the
effective quantum double-well. The parameters for (a1) are
c11 = c22 = 1, a1 = 0, b1 = 1, b2 = 1.1, δ = −2.8, for (a2) are
c11 = c22 =
√
3/3, a1 = 0, b1 = 1, b2 = 2b1, δ = 0, and for (a3)
are c11 = c22 = 1, a1 = 0, b1 = 2, b2 = 2.001, δ = −4.1.
In the framework of mean-field theory, the dynamics
of a two-component BEC in quasi-one dimension can
be described well by the following dimensionless two-
component coupled model [19–21]:
iq1,t + q1,xx + 2(|q1|2 + |q2|2)q1 = 0,
iq2,t + q2,xx + 2(|q1|2 + |q2|2)q2 = 0,
(1)
where q1 and q2 denote the two-component fields in the
coupled BEC systems [22]. The interactions between
atoms are attractive for the above model, similar discus-
sions can be done for repulsive interaction cases. With
the aid of Darboux transformation (DT) [23–26] or Hi-
rota method [27, 28], many different vector solitons have
been obtained in the two-component coupled BEC sys-
tems, such as the bright-bright soliton [2, 29, 30], the
bright-dark soliton [4], the dark-dark soliton [6, 7], and
the dark-bright soliton [8, 9]. From the relations between
soliton and eigen-states in quantum well [10, 11], we can
know that bright-bright soliton and dark-dark soliton are
degenerate solitons (more than one component admits
the same spatial mode), bright-dark soliton and dark-
bright soliton are non-degenerate soliton states. How-
ever, the dark soliton state is a free state, and bright
soliton usually admits no nodes [2, 29, 30]. This char-
acter is admitted by most of previous vector solitons in
BECs systems. We would like to look for NDBSSs, for
which all eigen-states are bound states, and bright soli-
tons with nodes are present.
We develop DT method to derive the NDBSS. The
twice DT with spectral parameters λ1 = a1 + ib1 and
λ2 = a1 + ib2 generates one bound state soliton. The de-
riving process is given in Appendix A in details, which is
different from the processes for generating bright-bright
soliton and bright-dark solitons [23–26]. The exact gen-
eral double-hump soliton solution for (1) can be written
as follows:
q1(x, t) = −2ib1c∗11
N1
M1
e−i(a1x+(a
2
1−b21)t),
q2(x, t) = −2ib2c∗22
N2
M1
e−i(a1x+(a
2
1−b22)t).
(2)
with
N1 =
(
b1 − b2
b1 + b2
+ |c22|2e−2b2(x+2a1t)
)
e−b1(x+2a1t),
N2 =
(
b2 − b1
b1 + b2
+ |c11|2e−2b1(x+2a1t)
)
e−b2(x+2a1t),
M1 = |c11|2e−2b1(x+2a1t) + |c22|2e−2b2(x+2a1t)
+ |c11c22|2e−2(b1+b2)(x+2a1t) + (b1 − b2)
2
(b1 + b2)2
.
where a1, b1, b2 are real parameters, c11 and c22 are com-
plex parameters. −2a1 determines the velocity of soliton,
and the parameters b1, b2, |c11|, and |c22| determine the
shape of soliton. In virtue of the expressions (2), we see
that the shape of soliton will be kept except the trans-
lation of position under the transform |c11| → |c11|eb1δ
and |c22| → |c22|eb2δ, δ is an arbitrary real constant.
These parameters nontrivially contribute to the shape
of soliton. It is noted that the solitons in two compo-
nents admit different modes. When b1 < b2, soliton in
q2 component admits no node, and the one in q1 com-
ponent always has one node, and vice versa. From the
general properties of bound states in one-dimensional po-
tential [31], we know that the eigen-state with one node
corresponds to the first-excited state in the self-induced
effective quantum well [11]. Therefore, the bound state
solitons in the two components correspond to the ground
state and the first-excited state in the effective quantum
well respectively. Bound state soliton with one node is
in sharp contrast to the bright soliton and dark soliton
reported before. In what follows, we discuss the profile
types of the fundamental NDBSS.
The profiles of the bound state soliton can be mainly
classified as three different types, asymmetric double-
hump soliton (for which the two components both admit
asymmetric double-hump), symmetric single-hump-
double-hump soliton (for which one component admits
single-hump soliton and the other component has a
symmetric double-hump), and symmetric double-hump
soliton (for which two components both admit symmetric
double-hump). This classification is different from the
one given in [33], based on different aspects for soliton
profiles. The three different cases are shown in Fig.1(a1-
a3), blue solid line and red dashed line corresponding
to component q1 and component q2 respectively. (a1)
depicts the intensity profile of asymmetric double-hump
soliton in both components. The effective quantum well
is −2|q1|2 − 2|q2|2, and it is a double-well form. The
3soliton in q1 component and q2 component correspond
to the first-excited state and ground state respectively
in the effective quantum double-well. Particularly, we
find that asymmetric double-hump soliton solution (2)
can be reduced to symmetric form with parameters
choice c11 = c22 =
√
3/3, b2 = 2b1, δ = 0. For this
case, we rewrite solutions as: q1 =
√
3b1 sech[b1(x +
2a1t)] tanh[b1(x + 2a1t)]e
−i[a1x+(a21−b21)t−pi/2], q2 =√
3b1 sech[b1(x + 2a1t)]
2e−i[a1x+(a
2
1−4b21)t+pi/2]. The
amplitude of component q1 and q2 are
√
3b1/2 and√
3b1, respectively. One can see that a symmetric
double-hump bright soliton present in component q1,
which corresponds to the first-exited bound state, while
a single-hump ground state bright soliton emerge in
component q2. This soliton can be seen as symmetric
single-hump-double-hump soliton. As an example, we
show it in Fig.1(a2). Additionally, when b1 and b2 are
very close to each other, the solutions (2) will show
nearly symmetrical double-hump bright soliton in both
components. A typical intensity profile is shown in
Fig.1(a3). The two humps distribute symmetrically in
each component for this case. Remarkably, it is clear
that there is always one bright soliton with node in one
component for all three cases. This character holds for
these NDBSSs.
FIG. 2: The incoherent interactions between solitons in differ-
ent components with different relative velocities. Form top to
bottom the parameters are (a1) and (a2): a1 = −a2 = 0.02,
(b1) and (b2): a1 = −a2 = 0.001, (c1) and (c2): a1 =
−a2 = 0.0001. Left panels show the density of first compo-
nent, right panels the density of the second component. The
evolution dynamics suggest that the non-degenerate bound
state solitons is induced by incoherent superpositions of bright
solitons in different components. The other parameters are
c11 = c22 = 1, b1 = 1, b2 = 1.1, δ = −2.8 (same as Fig.1 (a1)).
The soliton solution of the above Manakov model had
been studied widely. However, the bright soliton with
nodes are absent in the most of previously studies on
vector solitons. Then, we would like to discuss how come
the bound state soliton with nodes. Based on the de-
riving method for bound state soliton, we note that the
bound state soliton is generated from two incoherent soli-
tons with identical velocity. The two incoherent solitons
refer to the case for which each bright soliton just emerges
in one component (different from the bright-bright soli-
tons), and the two solitons in two components are at
different locations (they are phase separated). For an
example, one bright soliton moving to left in q1 com-
ponent, and there is no bright soliton in corresponding
locations in the other component (see Fig. 2(a1)). This
means the two solitons in two components just interact
through the incoherent nonlinear interactions. The inco-
herent collision is different from the two solitons in one
component for which the phases of solitons are coherent.
Therefore, we investigate the incoherent interactions be-
tween bright solitons in the two components, through
varying the relative velocity. This can be done exactly
by changing the spectral parameters λ1 = a1 + ib1 and
λ2 = a2 + ib2 in solution (9). We change the velocity of
soliton (i.e. vj = −2aj) in each component, and other pa-
rameters are fixed as Fig.1(a1). The relevant dynamical
processes of incoherent interactions between solitons are
depicted in Fig.2, for which the relative velocity of soli-
tons (rv = v1 − v2) in two components corresponding to
the 0.08, 0.004, and 0.0004 respectively (see captions for
detailed parameters setting). The two incoherent soli-
ton character is shown clearly in Fig. 2(a). One can
see that the relative velocity between solitons is becom-
ing smaller, the incoherent collision between solitons in
different components is becoming stronger. When the
relative velocity of solitons decreases to zero, the general
bright soliton in each components converts into double-
hump soliton, such as solitons in Fig.1(a1). These dy-
namical processes indicate that NDBSSs are induced by
the incoherent interactions between solitons in different
components.
It should be mentioned that the similar soliton solu-
tions have been found for a long time [10]. Very recently,
Hirota bilinear method was performed to derive simi-
lar non-degenerate vector solitons [33]. In this paper,
we develop DT method to derive bound state solitons,
which enables us to discuss the underlying mechanism
for these bound state solitons. Moreover, the analysis
uncover that bright soliton with one node corresponds to
the first-excited state in the effective quantum well. The
NDBSS involves the ground state and the first-excited
state for the two-component cases. On the other hand,
it was shown that many different static non-degenerate
solitons were re-derived from the eigen-states in some cer-
tain quantum wells [11]. But multi-hump bright solitons
are symbiotic with dark solitons, namely, the bound state
and the free state are always coexist in the coupled sys-
tems. Those characters are different from the bound state
solitons derived here. Especially, those solutions gener-
ated from the eigen-states in quantum wells are station-
ary [11], which are inconvenient to investigate the soli-
4tons collision analytically. We derive the more general
NDBSS solutions systematically through developing DT
method. Simultaneously, the collision processes between
them can be investigated analytically in details.
FIG. 3: The collision dynamics between one non-degenerate
bound state soliton and one degenerate bright soliton or one
non-degenerate bound state soliton. (a1) and (a2): the inter-
ference behaviour between an asymmetric double-hump soli-
ton (moving to right direction) and a degenerate bright soliton
(moving to left). Related parameters are c21 = c12 = 0, c11 =
c22 = c13 = c23 = 1, a1 = −10, a2 = 10, b1 = 1, b2 = 1.1, b3 =
0.8, δ1 = δ2 = 0. (b1) and (b2): the interference patterns
between two non-degenerate bound state solitons. The pa-
rameters are c11 = c22 = c13 = c24 =
√
3/3, a1 = 10, a2 =
−10, b1 = 1, b2 = 2, b3 = 1, b4 = 2, δ1 = δ2 = 0. Top pan-
els show the density of first component, bottom panels the
density of the second component. The interference pattern
is much abundant than the patterns between scalar bright
solitons. It seems that the collisions are elastic.
III. COLLISION BETWEEN DIFFERENT
NON-DEGENERATED SOLITONS
For simplicity and without losing generality, we inves-
tigate the interactions between a NDBSS and one degen-
erate bright soliton (one NDBSS) by performing third-
fold DT (fourth-fold DT) (see the Appendix A for the
detailed solving process). More complicated interaction
cases between solitons can be investigated by performing
N-fold DT in Appendix A (12). Firstly, we investigate
the collision between one NDBSS and a degenerate bright
soliton, by performing third-fold DT with spectral pa-
rameters λ1 = a1 + ib1, λ2 = a1 + ib2, and λ3 = a2 + ib3.
For this case, typical densities are depicted in the left
panel of Fig.3, (a1) and (a2) correspond to component
q1 and component q2 respectively. It is seen that the in-
terference patterns between an asymmetric double-hump
bright soliton and a single-hump bright soliton show in
both components. But in component q1 a first-excited
bound eigen-state soliton interfere with a ground state
soliton, while two ground state solitons collide with each
other in component q2. Detailed analysis indicate that
the collisions between them are usually inelastic, and
they can be elastic under some special initial conditions.
Secondly, we investigate the interaction between two
NDBSSs by performing forth-fold DT with spectral pa-
rameters λ1 = a1 + ib1, λ2 = a1 + ib2 (generate one
NDBSS), λ3 = a2 + ib3, and λ4 = a2 + ib4 (generate
the other NDBSS). We exhibit the dynamical evolution
of them in the right panel of Fig.3, based on the two
double-hump solitons solution (11). (b1) and (b2) corre-
spond to component q1 and component q2 respectively.
As one can see in Fig.3(b1-b2), the collision of two iden-
tical symmetric double-hump solitons (two first-excited
bound state solitons) in component q1 and two identical
single-hump solitons (two ground state solitons) in com-
ponent q2 all produce the interference patterns. More-
over, we further explore the interference properties of
them by asymptotic analysis technic (see the detailed
solving process in Appendix A). Interestingly, we find
that the interference of double-hump solitons presents
multiperiodicity. The periodic functions are governed
by the factors sin[(a1 − a2)x + (a21 − a22 + b23 − b21)t],
sin[(a1 − a2)x + (a21 − a22 − b22 + b24)t], and their cor-
responding cosine forms. This means that there are
three periodic oscillation behaviours in the interference
process of two double-hump bright solitons. The spa-
tial period is D = 2pi/(a1 − a2) = 4pi/(v1 − v2), and
temporal periods are T1 = 2pi/(a
2
1 − a22 + b23 − b21) and
T2 = 2pi/(a
2
1 − a22 − b22 + b24), in sharp contrast to inter-
ference pattern between bright solitons reported before
[32]. This comes from the energy eigenvalues are more
than two involving the interference process. In Fig.3(b),
only the spatial interference pattern is visible, due to the
parameters choice a21 = a
2
2, b1 = b3, b2 = b4 making two
temporal periods all equal zero. For Fig.3(a1-a2), the
parameters choice makes two temporal periods too small
to be visible (see caption for more detail).
It seems that the collisions between two bound states
solitons are elastic in Fig.3. Recent studies also sug-
gested that a fundamental double-hump soliton sustains
its shape even after a collision with another similar soli-
ton [33]. However, our studies suggest that the collision
between bound state solitons is usually inelastic unless
the parameters satisfy the sufficient condition (19). In
fact, the collisions in Fig.3 are indeed inelastic, for which
the soliton profiles change too slightly to be visible. A
typical example for inelastic collision is shown in Fig.4,
where two double-hump solitons collide with each other
in both components. Left panel shows the density evo-
lution, Fig.4 (a) and (b) corresponding to component q1
and q2 respectively. Right panel depicts the intensity
profile of two solitons before (at t = −30, blue line) and
after (t = 30, red line) the collision in both components.
This figure makes it clear that the shape of double-hump
solitons in each component possesses dramatic change af-
ter collision (see Fig.4 (a1,a2) and (b1,b2)). Then, what
5FIG. 4: The inelastic collision between non-degenerate bound
state solitons. Left panel: Dynamical evolution and coherent
collision of non-degenerate bound state solitons. Right panel:
Intensity plots for both components before (at t=-30, blue
line) and after (at t=30, red line) the collision. It is seen
that the profiles of double-hump solitons indeed change af-
ter collision. The analysis suggest that the collision between
these bound state solitons are usually inelastic, due to the in-
coherent collision and coherent collision between them. The
parameters are c11 = c22 = c13 = c24 = 1, a1 = −1/10, a2 =
1/10, b1 = 1, b2 = 1.2, b3 = 2, b4 = 1.9, δ1 = δ2 = 0.
causes inelastic collisions of non-degenerate bound state
solitons? As mentioned in the section II, the bound state
solitons with nodes are induced by incoherent interac-
tions between solitons in different components. We find
that the incoherent interactions between solitons in dif-
ferent components and the coherent interplay between
solitons in same component give rise to the inelastic col-
lision of these bound state solitons. This can be seen
clearly by investigating the interactions between solitons
with different  values (the spectral parameters are cho-
sen as λ1 = a1 + ib1, λ2 = a1 + 1 + ib2, λ3 = a2 + ib3,
and λ4 = a2 + 2 + ib4).
Experimental observations demonstrated that two-
component solitons could be produced well based on
well-developed density and phase modulation techniques
[8, 34, 35]. Those experiments provide many hints that
the above NDBSSs can be observed in two-component
BECs. Very recently, three-component soliton states
were further observed in a spinor BEC system [36]. Moti-
vated by these developments, we would like to extend our
studies to three-component BECs for NDBSSs. Similar
discussions can be extended to more than three compo-
nents cases.
FIG. 5: Intensity profiles for triple-hump bright solitons in
three-component coupled systems. The triple-hump bright
soliton with no node in q3 component is ground state (see
green dashed line), the triple-hump bright soliton with one
node in q2 component is the first-excited state (see blue
dotted-dashed line), and the triple-hump bright soliton with
two nodes in q1 component is the second-excited bound state
soliton (see red solid line) in the effective quantum well. The
parameters are c1 = c2 = c3 = 1, a1 = 0, b1 = 1.99, b2 =
2, b3 = 2.02, δ = −5.2.
IV. TRIPLE-HUMP BRIGHT SOLITONS IN
THREE-COMPONENT CONDENSATES
In this section, we consider the NDBSSs in three-
component BECs system with attractive interactions.
The dynamics can be described well by the following
three-component coupled nonlinear equations in dimen-
sionless form (j = 1, 2, 3) [1]:
iqj,t + qj,xx + 2(|q1|2 + |q2|2 + |q3|2)qj = 0 (3)
By direct performing the similar DT method with λ1 =
a1 + ib1, λ2 = a1 + ib2, and λ3 = a1 + ib3 as presented in
Appendix A, the exact triple-hump bound state soliton
solution of (3) can be written as follows (we have not
presented the explicit solving process here for brevity):
q1(x, t) = −2ib1c1e−iα1(χ1
Ξ1
+
2b3∆1∆2
(b2 + b3)2Ξ2Ξ21
eβ1),
q2(x, t) = −2ib2c2e−iα2(χ2
Ξ1
+
2b3∆1∆3
(b2 + b3)2Ξ2Ξ21
eβ2),
q3(x, t) = −2ib3c3 ∆1e
−iα3+β3
(b2 + b3)Ξ2Ξ1
.
(4)
where βj = −bj(x + 2a1t), αj = a1x + (a21 − b2j )t. The
explicit expressions of Ξ1,2, χ1,2, ∆1,2,3 are given in the
Appendix B. a1, b1, b2, b3 are real parameters, c1, c2,
c3 are complex parameters. −2a1 determines the veloc-
ity of soliton, and the parameters b1, b2, b3, |c1|, |c2|,
|c3| govern the soliton profiles. In virtue of the expres-
sions (4), we see that the shape of soliton will be kept
6except the translation of position under the transform
|c1| → |c1|eb1δ, |c2| → |c2|eb2δ, |c3| → |c3|eb3δ, δ is an
arbitrary real constant. These parameters nontrivially
contribute to the shape of soliton. The solution describes
a general triple-hump soliton. A typical example of the
intensity profile is displayed in Fig.5. It is seen that a
triple-hump bright soliton exhibits in each component.
The effective quantum well for this three-component case
is −2|q1|2 − 2|q2|2 − 2|q3|2, and it is a triple-well form.
Based on the the correspondence between solitons and
eigen-states in quantum wells [11, 31], one can know that
the triple-hump bright soliton with no node in q3 com-
ponent is ground state (see green dashed line in Fig. 5),
the triple-hump bright soliton with one node in q2 com-
ponent is the first-excited state (see blue dotted-dashed
line in Fig. 5), and the triple-hump bright soliton with
two nodes in q1 component is the second-excited bound
state soliton (see red solid line in Fig. 5) in the effec-
tive quantum well. Double-hump or single-hump soli-
tons can be also obtained in the three-component case
by choosing some proper parameters. This suggests that
more abundant NDBSSs can be found in more compo-
nents coupled systems, since more components coupled
BECs can induce deeper quantum wells. Similarly, the
collision between triple-hump soliton and single-hump
ground soliton can be investigated in three-component
BECs by performing forth-fold DT. The interaction be-
tween triple-hump soliton and double-hump soliton can
be studied by performing fifth-fold DT. The interplay be-
tween two triple-hump bright solitons can be explored by
performing sixth-fold DT. The inelastic collision of these
bound state solitons can be also expected.
V. CONCLUSION
In summary, we derive and investigate double-hump
and tripe-hump bound state solitons in multi-component
BECs. The analysis indicates that bright solitons with
nodes correspond to the excited bound eigen-states in
the self-induced effective quantum wells. Particularly, we
reveal that the incoherent interactions between solitons
in different components is the generation mechanism of
the bound state solitons. Furthermore, we demonstrate
collisions of non-degenerate bound state solitons are in-
elastic in general case, which are induced by incoherent
interactions and coherent interactions. Similar studies
can be extended to more than two components cases,
and more abundant bound state solitons are expected.
These NDBSSs can be used to investigate much richer
nonlinear dynamics and interactions in multi-component
BEC systems, such as beating effects, tunneling dynam-
ics, spin-orbital coupling effects, quantum fluctuations.
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Note added : Recently, we noticed nondegenerate soli-
tons were discussed in nonlinear optical fibers by the
Hirota bilinear method [33]. In this paper, we perform
Darboux transformation method to derive NDBSS solu-
tions. Moreover, the discussions on the mechanism and
the node properties could be helpful for our understand-
ing on the NDBSS.
Appendix A: The developed Darboux
transformation method for deriving non-degenerate
bound state soliton
The two-component coupled nonlinear Schro¨dinger
equation (1) is the compatibility condition of the linear
spectral problems [21, 25]:
Φx = U(x, t;λ)Φ,
Φt = V (x, t;λ)Φ,
(5)
where
U =
 −i 23λ q1 q2−q∗1 i3λ 0−q∗2 0 i3λ
 ,
V = Uλ+
 i|q1|2 + i|q2|2 iq1x iq2xiq∗1x −i|q1|2 −iq2q∗1
iq∗2x −iq∗2q1 −i|q2|2
 (6)
The star denotes the complex conjugate. With the
trivial seed solutions q1[0] = 0, q2[0] = 0 and spectral
parameter λ = λj = aj + bji (j = 1, 2, ..., N), the vector
eigenfunctions of the linear system Eqs.(5) can be writed
as:
Φj =
 Φ1jΦ2j
Φ3j
 =
 e−2θjc1jeθj
c2je
θj
 , θj = i
3
λjx+
i
3
λ2j t, (7)
where c1j , c2j are the coefficients of eigenfunctions, and
they are complex parameters. The fundamental one
bright solitons can be obtained by the following Darboux
transformation
Φ[1] = T [1]Φ, T [1] = I− λ1 − λ
∗
1
λ− λ∗1
P [1]
q1[1] = q1[0] + (λ
∗
1 − λ1)(P [1])12
q2[1] = q2[0] + (λ
∗
1 − λ1)(P [1])13
(8)
7P [1] =
Φ1Φ
†
1
Φ†1Φ1
, Φ1 is a special solution at λ = λ1; a dag-
ger denotes the matrix transpose and complex conjugate,
and (P [j])1j represent the entry of matrix P [j] in the first
row and j column. To obtain double-hump one soliton,
we need to do the second step of transformation. We
employ Φ2 which is mapped to Φ2[1] = T [1]|λ=λ2Φ2, one
double-hump soliton solution can be obtained with spec-
tral parameter λ2 = a1 + ib2:
Φ[2] = T [2]Φ[1], T [2] = I− λ2 − λ
∗
2
λ− λ∗2
P [2]
q1[2] = q1[1] + (λ
∗
2 − λ2)(P [2])12
q2[2] = q2[1] + (λ
∗
2 − λ2)(P [2])13
(9)
P [2] = Φ2[1]Φ2[1]
†
Φ2[1]†Φ2[1]
. For this case, we choose the coeffi-
cients of eigenfunctions Φ1,2 (7) as the following way: (i)
c21 = c12 = 0, c11, c22 are nonzero complex parameters,
or (ii) c11 = c22 = 0 and c21, c12 are nonzero complex
parameters. The corresponding simplified solution has
been present in (2). Examples of the relevant intensity
profiles have been exhibit in Fig.1.
To study the interaction between non-degenerate soli-
tons, it needs to do multiple step transition. For exam-
ple, by performing the third-step of transition, we em-
ploy Φ3 which is mapped to Φ3[2] = (T [2]Φ3[1])|λ=λ3
with Φ3[1] = (T [1]Φ3)|λ=λ3 , then the collision between
a double-hump soliton and a single-hump soliton can be
obtained with spectral parameter λ3 = a2 + ib3:
Φ[3] = T [3]Φ[2], T [3] = I− λ3 − λ
∗
3
λ− λ∗3
P [3]
q1[3] = q1[2] + (λ
∗
3 − λ3)(P [3])12
q2[3] = q2[2] + (λ
∗
3 − λ3)(P [3])13
(10)
P [3] = Φ3[2]Φ3[2]
†
Φ3[2]†Φ3[2]
. For this case, we choose the coeffi-
cients of eigenfunctions Φ3 (7) as the following way: (i)
c13, c23 are nonzero complex parameters, or (ii) c13 = 0
or (iii) c23 = 0, and the coefficients of eigenfunctions Φ1,2
are same as the (9). Typical example for this case has
been shown in Fig.3 (a1) and (a2).
Naturally, by performing the fourth-step transforma-
tion, one can investigate the interaction between two
double-hump solitons. We employ Φ4 which is mapped to
Φ4[3] = (T [3]Φ4[2])|λ=λ4 = (T [3]T [2]T [1]Φ4)|λ=λ4 , then
two double-hump solitons solutions can be obtained as
follows with spectral parameter λ4 = a2 + ib4 :
q1[4] = q1[3] + (λ
∗
4 − λ4)(P [4])12
q2[4] = q2[3] + (λ
∗
4 − λ4)(P [4])13
(11)
P [4] = Φ4[3]Φ4[3]
†
Φ4[3]†Φ4[3]
. For this case, the coefficients of vec-
tor eigenfunctions Φ3,4 are analogous to Φ1,2, i.e., (i)
c23 = c14 = 0, c13, c24 are nonzero complex parameters,
or (ii) c13 = c24 = 0 and c23, c14 are nonzero complex
parameters. One typical case has been shown Fig.3 (b1)
and (b2).
In general, the N -fold Darboux matrix can be con-
structed as the following form:
TN = I−XNM−1N (λI−DN )−1X†N ,
XN = [Φ1,Φ2, · · · ,ΦN ] ,
DN = diag (λ
∗
1, λ
∗
2, · · · , λ∗N ) ,
MN =
(
Φ†iΦj
λj − λ∗i
)
1≤i,j≤N
,
(12)
and the Ba¨cklund transformation between old potential
functions and new ones are
q1[N ] = q1 +
det(MN,1)
det(MN )
q2[N ] = q2 +
det(MN,2)
det(MN )
(13)
where
MN,1 =
[
MN X
†
N,2
XN,1 0
]
, MN,2 =
[
MN X
†
N,3
XN,1 0
]
XN,i represents the i-th row of matrix XN .
For the two double-hump soliton, we choose the param-
eters as the following way: λ1 = a1 + b1i, λ2 = a1 + b2i,
c21 = 0, c12 = 0, c11, c22 are non zero complex parame-
ters, which determine the first double-hump soliton; and
λ3 = a2 + b3i, λ4 = a2 + b4i, c23 = 0, c14 = 0, c13, c24
are non zero complex parameters, which determine the
second one. The oscillator for the two solitons is gov-
erned by the factors sin[(a1−a2)x+ (a21−a22 + b23− b21)t],
cos[(a1− a2)x+ (a21− a22 + b23− b21)t] and sin[(a1− a2)x+
(a21−a22− b22 + b24)t], cos[(a1−a2)x+ (a21−a22− b22 + b24)t].
The velocity of solitons is controlled by x+ 2ajt = const,
j = 1, 2, respectively, i.e. the velocity of soliton equals
to −2aj . Assume that bj > 0, j = 1, 2, 3, 4, and a1 > a2,
fixed the parameters of the first double-hump soliton
x+ 2a1t = const, then x+ 2a2t = x+ 2a1t+ 2(a2− a1)t.
If t→ +∞, we have x+ 2a2t→ −∞. Then we see that
Φ3 ‖
 e−iλjx−iλ2j tc13
0
→
 0c13
0

and
Φ4 ‖
 e−iλjx−iλ2j t0
c24
→
 00
c24

Since the order of iteration for the Darboux transforma-
tion can be exchanged, we rewrite
T [1] = I− λ3 − λ
∗
3
λ− λ∗3
Φ3Φ
†
3
Φ†3Φ3
→ diag
(
1,
λ− λ3
λ− λ∗3
, 1
)
along the line of x − a1t = const as t → ∞. It follows
that
Φ4[1] ‖ T [1]|λ=λ4
 00
c24
→
 00
c24

8which deduces that
T [2]→ diag
(
1, 1,
λ− λ4
λ− λ∗4
)
.
Combining the first and second Darboux matrix, we ob-
tain
T [2]T [1]→ diag
(
1,
λ− λ3
λ− λ∗3
,
λ− λ4
λ− λ∗4
)
,
which yields that
Φ1[2] = T [2]T [1]|λ=λ1Φ1 → Φ[+]1 =
 e−2θ1c[+]11 eθ1
0
 ,
Φ2[2] = T [2]T [1]|λ=λ2Φ2 → Φ[+]2 =
 e−2θ20
c
[+]
22 e
θ2
 (14)
where c
[+]
11 =
λ1−λ3
λ1−λ∗3 c11, c
[+]
22 =
λ2−λ4
λ2−λ∗4 c22.
Thus, when t→ +∞, the Darboux matrix tends to:
T4 →
(
I−X[+]2 (M[+]2 )−1(λI−D2)−1(X[+]2 )†
)
× diag
(
1,
λ− λ3
λ− λ∗3
,
λ− λ4
λ− λ∗4
)
(15)
where
X
[+]
2 =
[
Φ
[+]
1 ,Φ
[+]
2
]
, D2 = diag (λ
∗
1, λ
∗
2)
and
M
[+]
2 =

1+
∣∣∣c[+]11 ∣∣∣2e6Re(θ1)
λ1−λ∗1
1
λ2−λ∗1
1
λ1−λ∗2
1+
∣∣∣c[+]22 ∣∣∣2e6Re(θ2)
λ2−λ∗2
 .
From the Darboux matrix (15), we obtain that the
double-hump soliton approaches to
q1[4]→q1(x, t; a1, b1, b2, c[+]11 , c[+]22 ),
q2[4]→q2(x, t; a1, b1, b2, c[+]11 , c[+]22 )
(16)
as t→∞ along the line x+2a1t = const, where q1, q2 are
given in equations (2). In a similar manner, as t→ −∞,
we have
q1[4]→q1(x, t; a1, b1, b2, c[−]11 , c[−]22 ),
q2[4]→q2(x, t; a1, b1, b2, c[−]11 , c[−]22 )
(17)
as t→ −∞ along the line x+ 2a1t = const, where c[−]11 =
λ1−λ∗3
λ1−λ3
λ1−λ∗4
λ1−λ4 c11, c
[−]
22 =
λ2−λ∗3
λ2−λ3
λ2−λ∗4
λ2−λ4 c22.
Now we consider the asymptotic behavior of the second
soliton. Fixed x+ 2a2t = const, as t→ ±∞, we have the
asymptotic expression
q1[4]→q1(x, t; a2, b3, b4, c[±]13 , c[±]24 ),
q2[4]→q2(x, t; a2, b3, b4, c[±]13 , c[±]24 )
(18)
where c
[+]
13 =
λ3−λ∗1
λ3−λ1
λ3−λ∗2
λ3−λ2 c13, c
[+]
24 =
λ4−λ∗1
λ4−λ1
λ4−λ∗2
λ4−λ2 c24 and
c
[−]
13 =
λ3−λ1
λ3−λ∗1 c13, c
[−]
24 =
λ4−λ2
λ4−λ∗2 c24.
In general case, the interaction between two hump soli-
ton is still inelastic. But under the special case,
|c[+]11 | = |c[−]11 |eb1δ1 , |c[+]22 | = |c[−]22 |eb2δ1 ,
|c[+]13 | = |c[−]13 |eb3δ2 , |c[+]24 | = |c[−]24 |eb4δ2 ,
(19)
the interaction is elastic. In other words, this is the suf-
ficient condition (19) of elastic interaction of two-hump
soliton.
Appendix B: The expressions of Ξ1,2, χ1,2, ∆1,2,3
The general one triple-hump soliton solution in three-
component NLSE is expressed as (4), where Ξ1,2, χ1,2,
∆1,2,3 are written as
Ξ1 =
(b1 − b2)2
(b1 + b2)2
+|c1|2e2β1+|c2|2e2β2+|c1|2|c2|2e2(β1+2β2),
Ξ2 =
∆21
(b2 + b3)2Ξ21
+
4b21|c1|2∆22
(b2 + b3)2Ξ21
e2β1+
4b22|c2|2∆23
(b2 + b3)2Ξ21
e2β2
+|c3|2e2β3 ,
∆1 =(b2 − b3)
[
(b1 − b2)2(b1 − b3)
(b1 + b2)2(b1 + b3)
− |c1|2e2β1
]
+(b2 + b3)
[
b3 − b1
b3 + b1
+ |c1|2e2β1
]
|c2|2e2β2 ,
∆2 =
(b1 − b2)(b2 − b3)
(b1 + b2)(b1 + b3)
− b2 + b3
b1 + b3
|c2|2e2β2 ,
∆3 =
(b22 − b21)(b1 − b3)
(b1 + b2)2(b1 + b3)
− |c1|2e2β1 ,
χ1 =
[
b21 − b22
(b1 + b2)2
+ |c2|2e2β2
]
eβ1 ,
χ2 =
[
b22 − b21
(b1 + b2)2
+ |c1|2e2β1
]
eβ2 .
9[1] P. G. Kevrekidis, D. J. Frantzeskakis, and R.
Carretero-Gonzalez, Emergent Nonlinear Phenomena in
Bose-Einstein Condensates: Theory and Experiment
(Springer, Berlin, 2008).
[2] X. F. Zhang, X. H. Hu, X.-X. Liu, and W. M. Liu, Vec-
tor solitons in two-component Bose-Einstein condensates
with tunable interactions and harmonic potential, Phys.
Rev. A 79, 033630 (2009).
[3] V. M. Pe´rez-Garc´ıa, J. B. Beitia, Symbiotic solitons
in heteronuclear multicomponent Bose-Einstein conden-
sates, Phys. Rev. A 72, 033620 (2005).
[4] H. E. Nistazakis, D. J. Frantzeskakis, P. G. Kevrekidis,
B. A. Malomed, and R. Carretero-Gonza´lez, Bright-dark
soliton complexes in spinor Bose-Einstein condensates,
Phys. Rev. A 77, 033612 (2008).
[5] I. Danaila, M. A. Khamehchi, V. Gokhroo, P. Engels, and
P. G. Kevrekidis, Vector dark-antidark solitary waves in
multicomponent Bose-Einstein condensates, Phys. Rev.
A 94, 053617 (2016).
[6] P. O¨hberg and L. Santos, Dark solitons in a two-
component Bose-Einstein condensate, Phys. Rev. Lett.
86, 2918 (2001).
[7] I. Morera, A. Mun˜oz Mateo, A. Polls, and B. Julia´-Dı´az,
Dark-dark-soliton dynamics in two density-coupled Bose-
Einstein condensates, Phys. Rev. A 97, 043621 (2018).
[8] C. Becker, S. Stellmer, P. Soltan-Panahi, S. Do¨rscher,
M. Baumert, E.-M. Richter, J. Kronja¨ger, K. Bongs, and
K. Sengstock, Oscillations and interactions of dark and
dark-bright solitons in Bose-Einstein condensates, Nat.
Phys. 4, 496 (2008).
[9] T. Busch and J. R. Anglin, Dark-bright solitons in inho-
mogeneous Bose-Einstein condensates, Phys. Rev. Lett.
87, 010401 (2001).
[10] N. Akhmediev, W. Krolikowski, and A. W. Snyder, Par-
tially coherent solitons of variable shape, Phys. Rev. Lett.
81, 4632 (1998); A. Ankiewicz, W. Krolikowski, and
N. N. Akhmediev, Partially coherent solitons of variable
shape in a slow Kerr-like medium: exact solutions, Phys.
Rev. E 59, 6079 (1999).
[11] L. C. Zhao, Z. Y. Yang, and W. L. Yang, Solitons in non-
linear systems and eigen-states in quantum wells, Chin.
Phys. B 28, 010501 (2019).
[12] L. C. Zhao, Beating effects of vector solitons in Bose-
Einstein condensates, Phys. Rev. E 97, 062201 (2018).
[13] Y. Xu, Y. Zhang, and B. Wu, Bright solitons in spin-
orbit-coupled Bose-Einstein condensates, Phys. Rev. A
87, 013614, (2013).
[14] V. Achilleos, D. J. Frantzeskakis, P. G. Kevrekidis, and
D. E. Pelinovsky, Matter-Wave Bright Solitons in Spin-
Orbit Coupled Bose-Einstein Condensates, Phys. Rev.
Lett. 110, 264101, (2013).
[15] Y.-C. Zhang, Z.-W. Zhou, B. A. Malomed, and H. Pu,
Stable Solitons in Three Dimensional Free Space without
the Ground State: Self-Trapped Bose-Einstein Conden-
sates with Spin-Orbit Coupling, Phys. Rev. Lett. 115,
253902, (2015).
[16] D. Edler, C. Mishra, F. Wa¨chtler, R. Nath, S. Sinha,
and L. Santos, Quantum Fluctuations in Quasi-One-
Dimensional Dipolar Bose-Einstein Condensates, Phys.
Rev. Lett. 119, 050403 (2017).
[17] P. Cheiney, C. R. Cabrera, J. Sanz, B. Naylor, L. Tanzi,
and L. Tarruell, Bright Soliton to Quantum Droplet
Transition in a Mixture of Bose-Einstein Condensates,
Phys. Rev. Lett. 120, 135301 (2018).
[18] B. Gertjerenken, T. P. Billam, C. L. Blackley, C. R.
Le Sueur, L. Khaykovich, S. L. Cornish, and C. Weiss,
Generating mesoscopic Bell states via collisions of distin-
guishable quantum bright solitons, Phys. Rev. Lett. 111,
100406 (2013).
[19] M. Haelterman and A. Sheppard, Bifurcation phenom-
ena and multiple soliton-bound states in isotropic Kerr
media, Phys. Rev. E 49, 3376-3381 (1994).
[20] Q. H. Park and H. J. Shin, Systematic construction of
multicomponent optical solitons, Phys. Rev. E 61, 3093-
3106 (2000).
[21] L. C. Zhao, J. Liu, Localized nonlinear waves in a two-
mode nonlinear fiber, J. Opt. Soc. Am. B 29, 3119-3127
(2012).
[22] P. G. Kevrekidis, D. J. Frantzeskakis, Solitons in coupled
nonlinear Schro¨dinger models: a survey of recent devel-
opments, Reviews in Physics 1, 140-153 (2016).
[23] V. B. Matveev and M. A. Salle, Darboux Transformation
and Solitons (Springer-Verlag, Berlin, 1991).
[24] E. V. Doktorov and S. B. Leble, A Dressing Method in
Mathematical Physics (Springer-Verlag, Berlin, 2007).
[25] B. L. Guo, L. Ling, Q. P. Liu, Nonlinear Schro¨dinger
equation: generalized Darboux transformation and rogue
wave solutions, Phys. Rev. E 85, 026607 (2012).
[26] L. Ling, L. C. Zhao, B. Guo, Darboux transforma-
tion and multi-dark soliton for N-component nonlin-
ear Schro¨dinger equations, Nonlinearity 28, 3243-3261
(2015).
[27] R. Hirota, The Direct Method in Soliton Theory (Cam-
bridge: Cambridge University Press, 2004).
[28] T. Kanna and M. Lakshmanan, Exact soliton solutions,
shape changing collisions, and partially coherent solitons
in coupled nonlinear Schro¨dinger equations, Phys. Rev.
Lett. 86, 5043 (2001).
[29] L. C. Zhao and S. L. He, Matter wave solitons in coupled
system with external potentials, Phys. Lett. A 375, 3017-
3020 (2011).
[30] R. Radhakrishnan and M. Lakshmanan, Bright and dark
soliton solutions to coupled nonlinear Schro¨dinger equa-
tions, J. Phys. A: Math. Gen. 28, 2683-2692 (1995).
[31] L.D. Landau and E. M. Lifshitz, Quantum Mechanics
(Nauka, Moscow, 1989).
[32] L. C. Zhao, L. Ling, Z. Y. Yang, J. Liu, Properties of
the temporal-spatial interference pattern during soliton
interaction, Nonlinear Dyn. 83, 659-665 (2016).
[33] S. Stalin, R. Ramakrishnan, M. Senthilvelan, and M.
Lakshmanan, Nondegenerate solitons in Manakov sys-
tem, Phys. Rev. Lett. 122, 043901 (2019).
[34] C. Hamner, J. J. Chang, and P. Engels, Generation
of Dark-Bright Soliton Trains in Superfluid-Superfluid
Counterflow, Phys. Rev. Lett. 106, 065302 (2011)
[35] M. A. Hoefer, J. J. Chang, C. Hamner, and P. Engels,
Dark-dark solitons and modulational instability in mis-
cible two-component Bose-Einstein condensates, Phys.
Rev. A 84, 041605(R) (2011).
[36] T. M. Berano, V. Gokroo, M. A. Khamehchi, J. D.
Abroise, D. J. Frantzeskakis, P. Engles, and P. G.
Kevrekidis, Three-Component Soliton States in Spinor
10
F=1 Bose-Einstein Condensate, Phys. Rev. Lett. 120,
063202 (2018).
